High-energy methods utilizing nuclear explosives can plausibly fragment and disperse a near-Earth object (NEO) rather than deflect it from its orbit. Orbital dispersion simulation and analysis results show that fragmenting and dispersing a hazardous NEO could lower the total mass impacting the Earth. This could be beneficial in situations where some impacting mass is inevitable, or where the resulting fragments will be small enough to burn up in Earth's atmosphere. Recent hydrodynamic models of an asteroid fragmented and dispersed by nuclear subsurface explosions were used as input conditions for orbital prediction. Computational challenges are discussed, and a comparison of steadily more realistic models is presented. Upgrades made to previous models are discussed, as well as preliminary results for reentry modeling and impact location prediction. Critical parameters including burst-to-impact time and explosive yield are examined, with guidelines for determining in which situations a disruption (i.e., fragmentation and dispersion) of an NEO is desired.
I. Introduction
There is much evidence to support the hypothesis that an impact from an NEO would significantly threaten the existence of life on Earth. For the last few decades, the scientific community has been actively engaged in identification and characterization of hazardous NEOs. 1 Past results for low-energy methods indicate that compression waves created from kinetic impactors or incident radiation are not sufficient to fragment these NEOs, assuming they are solid bodies. Recent characterization research, however, suggests that many of these bodies have porous outer shells and that catastrophic fragmentation due to explosives is a reasonable concern. 2, 3 In fact, calculations of specific energy imparted from nuclear explosives have been shown to exceed the gravitational binding energy of common NEOs, resulting in long-term dispersion of fragments along the orbital trajectory. [4] [5] [6] Previous computational tools developed for the tracking of a fragmented NEO, such as those in [4, 6] , are extended in this paper to investigate fragment burnup during reentry and impact prediction. The burst-to-impact time of a mitigation mission was shown in past work to be of significant concern in determining the total fraction of impacting mass. The effects of lead time are further investigated, as well as initial velocity scaling to model different explosive yields. The result of an explosive simulation on the surface of an NEO 5, 6 is used as input for orbital dispersion simulation. The energy of the source explosion and the burst-to-impact time are used to determine realistic scenarios where fragmentation and dispersion is beneficial in limiting the total mass impacting the Earth. Computational advantages over previous models are emphasized, yielding better estimates for impacting mass fractions. A mathematical model for fragment reentry drag and ablative mass loss is applied to predict burnup conditions. Better sets of initial orbital conditions are shown to improve simulation tools for deflection mission planning.
II. Nuclear Subsurface Explosion Model
The target of the hypothetical deflection mission presented in this paper is an NEO approximately the size of the asteroid Apophis. It has a total mass of 2.058E13 kg with a diameter of 270 meters, as shown in Figure 1 . A full description of the model construction can be found in [5] . A nuclear explosion was simulated in a cylindrical region below the surface of the body by sourcing in energy corresponding to 300 kT. The energy source region expands, creating a shock that propagates through the body resulting in fragmentation and dispersal. The structure of the asteroid was modeled with a linear strength model and a core yield strength of 14.6 MPa. The mass-averaged speed of the fragments after 6 seconds was near 50 m/s with peak near 30 m/s, as shown in Figure 2 . A three-dimensional fragment distribution was constructed from the hydrodynamics model by rotating the position, speed, and mass of each zone to a randomly assigned azimuth about the axis of symmetry. Figure 2 also shows the two-dimensional distribution of body fragments after the completion of the subsurface explosion simulation. We now have a three-dimensional distribution of relative position and velocity for a reasonable NEO fragmentation. To track the dispersion of these fragments along the orbital trajectory before impact, the relative position axes were aligned such that the highest momentum projectiles coincided with the desired deflection direction at the time of the explosion. A velocity scaling parameter allows the testing of distributions with fragment velocities different than the predicted 50 m/s maximum velocity from the explosion simulation.
III. Orbital Trajectory Simulation
In order to study a viable deflection mission, we must first have an orbit that can be assumed to impact the Earth if no action is taken. Newtonian n-body system simulation is simple in principle because it involves the integration of the ordinary differential equations describing the n-body motions in a Newtonian gravitational field. However, it becomes a non-trivial problem when a precise orbit prediction is required in the presence of various physical modeling uncertainties. An example case (the AIAA fictional asteroid impact problem) will be described in the next section to highlight this concern. A linearized least squares error correction algorithm was used to develop a fictitious orbital trajectory of the asteroid Apophis, precisely impacting the Earth on April 13, 2036. The estimated orbital parameters for the asteroid Apophis following its encounter with the Earth in 2029 were used as an initial guess. This numerical algorithm for the nonlinear shooting method used in [6] was shown to be superior in computational efficiency to gradient-based line search methods or random walk methods for this type of problem. The following sections describe the search process for finding orbital parameters that intersect the position of the Earth at the appointed time, as well as the models used for successively higher fidelity simulation of fragment relative positions. This asteroid has been assigned a Torino Impact Scale rating of 9.0 on the basis of subsequent observations that indicate there is a 95% probability that 2004WR will impact the Earth. The expected impact will occur in the Southern Hemisphere on January 14, 2015 causing catastrophic damage throughout the Pacific region. The mission is to design a space system that can rendezvous with 2004WR in a timely manner, inspect it, and remove the hazard to Earth by changing its orbit and/or destroying it. The classical orbital elements of 2004WR are given in the J2000 heliocentric ecliptic reference frame by the values in Table 1 .
III.A. AIAA Fictional Impact Problem
The STK 5.0.4 software package, with a 9th-order Runge-Kutta integrator with variable step size and the planetary positions from JPL's DE405, was known to have been used by AIAA to create this set of orbital parameters of 2004WR. It is further assumed that 2004WR is an S-class (stony-silicate) asteroid with a density of 2.720E3 kg/m 3 and that its estimated mass is 1.1E10 kg. 10 and STK all utilizing JPL's DE405 ephemeris data for the planetary positions. Orbit simulation results of using these four N-body simulators indicate that 2004WR actually misses Earth by 1.6 Earth Radii contrary to an expected impact in the Southern Hemisphere on January 14, 2015. This example problem will be further examined using the reference trajectory method developed in the next section.
III.B. An Adaptive Shooting Method for Reference Impacting Trajectories
To generate a reference impacting trajectory, a directed search among initial orbital parameters is needed. While implicit methods 11, 12 for a nonlinear shooting problem are very robust, we desire the ability to dynamically generate reference trajectories independent of the integrator used and without the need for tuning update parameters. A fundamental resolution problem keeps many sets of orbital parameters from impacting the center of the Earth, even if previous (similar) parameters were shown to impact using a different integrator or different step sizes. This same resolution problem limits the efficacy of global searches based on finite differencing. For this problem, estimated post-2029 orbital parameters for the asteroid Apophis 13 were used as an initial guess for a directed search method.
Consider the vector function, f, which gives the position error of a chosen set of orbital parameters for the asteroid Apophis on April 13, 2036 in a chosen coordinate system. Then, we note that f has three components that can be related to Earth's position:
If we consider a Taylor series expansion of f limited to first order terms, we can evaluate the function at a new set of parameters, p n , which are close to the previous guess, p n−1 , as measured in six dimensional configuration space. The function f can then be viewed as a projection of these parameters on position coordinates at the predetermined final time:
where J is the 3x6 matrix of partial derivates (commonly called the Jacobian) and dp = p n − p n−1 is the vector difference of orbital parameters in the desired search direction. Assuming the desired search direction has an error of 0, we propose a correction algorithm for determining the search direction of the form:
where
is the Moore-Penrose pseudoinverse of J, resulting in a least squares solution to Equation (2) 14 when f(p n ) = 0 and k is a scalar to be properly chosen for robust convergence to an impacting trajectory. Exponential convergence of this method with respect to an 11-body dynamical model is shown in Figure 3 . Also visible from the scale of Figure 3 is the fact that the final set of orbital parameters define a trajectory which impacts the Earth on the target date. The trajectory is designed to pass through the center of the Earth to within the precision available. This allows the offset to be eliminated as a cause for error when comparing the results of a fragmented body. Table 2 shows the initial osculating orbital parameters used for this simulation. Once an impacting reference trajectory has been specified, we can write relative equations of motion for each body fragment in terms of a nominal point along the impacting orbit. Using the equations of relative motion preserves the precision available for characterizing the cloud of fragments, as shown in Figure 4 . 6 This is particularly necessary when considering mutual gravitational accelerations among the fragments. The relative equation of motion for each fragment can be described by: 11ẍ
III.C. Relative Equations of Motion
This system can be linearized to lower the computational cost. The linearized form of these equations, often referred to as the eccentric Clohessy-Wiltshire-Hill (CWH) equations, are written for each independent fragment as: 11
The relative motion equations can be expanded to include Earth gravity terms. The integration model was approximated as a 3-body system of the Sun, NEO, and Earth, resulting in a model that is substantially improved over simple 2-body dynamics. The resulting equations of motion for each fragment are:
Ei where r Ei is the relative distance to the Earth for each fragment, µ E is Earth's gravitational parameter, and (x E , y E , z E ) are the LVLH coordinates of Earth in the rotating frame. As the nominal orbit makes a close pass by Earth in 2029 and impacts the Earth in 2036, inclusion of perturbations from Earth's gravitational field is essential to accurately predicting the effects of orbital dispersion on a fragmented body. It has been shown that neglecting this perturbation leads to substantial underestimation of total impacting mass. 6 The position error due to omitting Earth's gravitational effects is shown in Figure 5 . Note that a miss distance of over 10 Earth Radii indicates the designed orbit misses the Earth when integrated using a 2-body model. 
III.D. N-Body Model
Including the 11 main body terms used for the reference trajectory in Figure 3 , we approach a model that more accurately characterizes the dynamics governing the dispersion of fragments from an NEO. Due to the near-Earth environment, the final equations of motion include additional point mass acceleration contributions from Earth's Moon as well as Ceres, Vesta, and Pallas (The "Big 3" bodies of the asteroid belt 15 ) determined using DE405 ephemerides available from JPL's HORIZON system. This leads to the following equations of relative motion:
is the relative distance between each body in LVLH coordinates fixed on the reference orbit, G is the universal gravitational constant, and m j are the body masses. While the use of the full equations of relative motion (non-linearized) are interchangeable with equivalent Cartesian forms, the LVLH system provides unique benefits for future model upgrades, including fragment collisions and mutual gravitational interactions. Current calculations are carried out in this frame to be compatible with upgrades. Computationally, integrating accelerations based on smaller distance units is preferable to heliocentric coordinates, resulting in a better-conditioned dynamical system. In order to have a more accurate N-body integrator, we rely on planetary ephemeris data to prepare relative position vectors between a fragment and a gravitating body. At a simple level, this can be done by using classical orbital elements for each body at a given epoch, and interpolating drift from this value based on a linear approximation to orbital element rates of change. Table  3 shows the heliocentric orbital elements used to correspond to the J2000 epoch for the 8 major planets and the minor planet Pluto. These allow a linear approximation of the current orbital parameters using the rate data from Table 4 :
III.E. Planetary Orbit Models
where Q is a particular orbital parameter, Q 0 is its J2000 epoch value in Table 3 ,Q is the century rate of change found in Table 4 , and T is the elapsed time since the J2000 epoch in Julian centuries (36525 Julian days). Using the current value for these parameters, they can be converted to include more common elements such as the argument of perihelion and mean anomaly using the following relationships: 16
The classical orbital elements are then translated into position and velocity state vectors for integration. Interpolation based on this scheme matched fragment position results using DE405 Planetary Ephemerides to within 1 meter for the 15 day mission profile described in [6] , and therefore meet the goals of the present model with substantial computational reduction compared to more costly systems. This system for planetary ephemerides will therefore allow the present model to validate previous dispersion models including mutual gravitational acceleration terms among fragments. Application of a simulation system using DE405 ephemerides is currently underway for longer baseline scenarios such as the AIAA fictional impactor problem.
IV. Impacting Fragment Trajectories
This section will outline the mathematics for transforming fragment positions and velocities into impact sites on the Earth. Integration for this model is carried out primarily using the nonlinear equations of relative motion (4), checking the reference trajectory against its precalculated components in heliocentric ecliptic coordinates. A Prince-Dormand 4th and 5th order Runge-Kutta (RK45) method was used to integrate the equations of motion, using adaptive step sizes to speed up computation in well-behaved regions. Errors compared to a 9th order integrator were less than the final position errors due to inherent error in the ephemeride positional fix, and therefore the current integrator is deemed sufficient for the purposes of this simulation. While one-step methods were preferable to the authors for memory and parallelization due to the number of fragments involved (18200 interpolated mass fragments), a 4th order Adams-Bashford-Moulton (ABM) predictor-corrector method (as described in [12] ) was used to integrate the equation of motion for the system center of mass. The ABM simulation results were compared against the RK45 solution for the center of mass to estimate the integration error and adapt step size. The integration error was estimated to be:
where h is the current step size, the vectors k result from substep function calls, and g is a gain chosen to allow convergence to the traditional RK45 update values, ie: r ABM − r RK45 → 0. The step size is then updated in the traditional manner using the composite error estimate:
using the desired tolerance tol (1E-6 in the current model) and the previous step value y i over the interval [x 0 , x f ]. For step updates, the scalar e h is used, which is the maximum component value of the vector e h . The new step size scale is further restricted to 0.5 ≤ s ≤ 2 to ensure continuity of the results and reduce the computational burden of checking mass and momentum constraints.
IV.A. Earth Rotation Model
The present model of Earth's rotation is based on fixing a vector to the equator of a spherical Earth approximation at the Greenwich meridian. Orientation of this vector with respect to the Earth Centered Inertial (ECI) coordinate frame is obtained using Greenwich Sidereal Time (GST): 16 θ 0 = 100.4606184 + 3600.77004T + 0.000387933T
θ gst = θ 0 + 360.98564724 24 t U T where θ gst represents the angle between the Greenwich Meridian and the line of vernal equinox (The X coordinate of the ECI system) in degrees, θ 0 is the local sidereal time at 0 hr UT of the current day, and t U T is the current UT in hours.
IV.B. A Direct Mapping to Earth-Fixed Coordinates
In addition to the transformation of position coordinates provided by the previous Earth rotation model, we desire a coordinate relationship between the integrated fragment state vectors in heliocentric coordinates and their counterparts in the ECI system, which is not truly inertial but is in fact subject to acceleration in its orbit around the sun. The Earth-relative position vectors for each fragment, r rel , are easily found as:
where r is a position vector describing each fragment, and the position vector for Earth, r E , is found using the interpolated ephemeris data for Earth orbit on the time step prior to impact. Similarly, the relative velocity to the ECI frame, v rel , is found using the relative velocity relationship to Earth's heliocentric velocity, v E . This can also be found by differentiating Equation 13 and substituting Earth's orbital angular momentum for the coordinate rotation: 16
In these relative motion equations, all components are still expressed in ecliptic coordinates. Since the ECI shares the vernal equinox as a common basis vector, we can transform components using a simple rotation around the X axis through an angle − : (15) where is an angle measuring the mean obliquity of the ecliptic plane, computed in degrees using : 17
Therefore, following a relative transformation of fragment position and velocity compared to the Earth and a rotation of the fundamental plane of our coordinate system, we arrive at components in the ECI system. The final integration of the simulation reentry model is conducted in this system, resolving impact locations using an embedded model of Earth rotation.
IV.C. Fragment Reentry Model
For an initial guess, fragment impact locations on the surface are computed using a ballistic case neglecting atmosphere. A cross-range and down-range error ellipse is appended to the hit location to provide a confidence area of probable impact. This allows for uncertainty in the reentry model due to drag forces. A secondary impact model was constructed using an exponential falloff of density with height, based on a static Russian GOST atmosphere 17 with coefficients listed in Table  5 . A static night-time atmosphere neglecting solar effects is assumed for altitudes above 120 km. Exospheric coefficients are chosen for a solar flux value of F 0 = 150:
2 ), h a < 120 
where C d is the ballistic drag coefficient for the fragment, and S is the area subject to the leading bow shock, which is a function dependent on mass of the individual fragment, andê v is a unit vector in the direction of the fragment velocity. The structure model used for reentry of fragments is a cylinder inscribed in a cubic volume (diameter equal to height). The equivalent drag coefficient used was 1.7, as provided in [18, 19] . Deceleration due to air density is only one component of reentry. Pressure stress and mass loss due to ablation are modeled using material parameters:
where Q is the heat of ablation (assumed to be 1E7 J/m 3 ), C H is the coefficient of heat transfer (assumed constant at 0.1), σ is the Stefan-Boltzmann constant, and T is the temperature of thermal ionization of the surrounding gas (25,000 K). This equation governs the ablative mass loss until the mean pressure in the cylinder p = 0.25C d ρv 2 exceeds the yield strength of the material, at which point the energy deposition implies burnup of the fragment.
V. Preliminary Results
This section presents preliminary results of the present orbital targeting model, applied to both the fragmented Apophis substitute used in [5, 6] and the AIAA deflection problem described in [7] . An extended deflection mission in the Apophis case is also considered. The focus will be on the presentation of the raw data and comparison against past models, as well as validation of model theory and the investigation of important parameters such as deflection timing and scale of initial velocities.
V.A. Orbital Targeting Results
A test of the fictive orbit targeting routine for an extended (1 full orbit) Apophis deflection mission is shown in Table 6 . Convergence is slower for the 426 day deflection mission than the 15 day case, but a solution after an equivalent number of iterations is comparable. Similar results for the AIAA fictional deflection problem are shown in Table 7 , which are computed dynamically by a preprocessor to work independently of the integrator chosen for the simulation program. This method is substantially faster than previous Monte Carlo and steepest-descent methods for this problem. 
V.B. Ballistic Impact Results
Using identical time step constraints as the simulations in [6] , we achieve results for impacting mass between 0.1% and 7.1%, consistent with previous simulations. These results, with dominant dispersion speeds along the coordinate axes of the LVLH system, are shown in Figure 6 . However, a tightening of time step restrictions to a maximum step of 1 minute tells a much different story, with the impact values converging to 0.6-26.1% of the total asteroid mass after 15 days of dispersion along an Apophis-like trajectory, as shown in Figure 7 . This brings up the point that, while longer time steps are advantageous in overall computational cost, accuracy is sacrificed, particularly within the sphere of influence of the Earth. Table 8 shows the number of impact bodies for each scenario described previously, both for the large time step and the small time step models. Also shown is the total fraction of the initial mass estimated to hit the planet. Not shown are bodies that may be captured or perturbed to future impacting orbits, which is a subject of current research. It is clear that a maximum time step of 1 hour is not sufficient to resolve the details we require. This is further emphasized by the results for a dispersion along a full orbit, which are shown in Table 9 . These values clearly indicate that previous accuracy requirements underestimate impacting fragments, and do not yield statistically representative results. The results for a 300 kT disruption are contrasted to results from initial velocity conditions scaled up to simulate the increased kinetic energy provided by a 1 MT explosion in Table 10 . The decreased time step is further justified by comparing results to the ODE solver package available in Matlab, shown in Figure 8 . It should be noted that, while a large fraction of the initial asteroid mass misses the Earth following the fragmentation attempt, it is spread over an area substantially larger than the initial impact plane. Fragments are ejected normal to the nominal orbit plane from part of the explosioninduced velocity, and therefore the Earth faces something far more like a cloud than an individual impacting body. While many of these fragments are small enough to burn up in the atmosphere, the Earth passes through a large cloud of them while rotating to expose new target areas over the course of several hours. A map of fragment impacts relative to a fixed rotating meridian is shown in Figure 9 on the left for a deflection along the radial direction resulting in 0.6% of the original asteroid mass on impact trajectories. A clustering of strikes on one side of the globe can be seen, as well as strikes from bodies that impact over 4 hours later than the first fragment, as the Earth rotates. Strikes predominantly in the Pacific Ocean and East Asia were observed for this scenario.
It is clear from these preliminary simulation results that the radial deflection case is optimal with such short lead time, Figure 7 shows that transverse deflections can still be catastrophic if the NEO is fragmented rather than deflected, with up to 26% of the original mass still on impacting trajectories. Furthermore, it can also be seen in Figure 9 on the right that this deflection attempt results in a concentrated band of material striking the Earth. It has been hypothesized that dense clusters of small bodies actually shield each other from some measure of reentry heating, and therefore have improved atmospheric penetration. In that scenario, fragmentation would not be beneficial and great care should be taken to deflect the orbit of the NEO rather than disrupt it along the flight path. At this time it is believed that deflection mission designs for radial deflection are preferable for short warning time mission planning utilizing nuclear explosions. Also important to the viability of fragmentation is orbit geometry. Past analysis indicated that circular orbits (and orbits for which the interaction with the Earth occurred near aphelion) resulted in particularly large fractions of impacting mass. This same phenomenon is observed in the present results for deflections along the transverse axis. It is thought that for short duration dispersion, such as the 15 day hypothetical mission presented here, deflection along the velocity direction is substantially less effective than perpendicular to it. The results of these two cases are also presented in Table 8 , in which deflection along the velocity direction yields an impacting mass fraction similar to that for transverse deflection and deflection perpendicular to the velocity direction is comparable to radial deflection.
Previous results have shown that the average initial velocity is a critical component in determining the outcome of a deflection or fragmentation attempt. 4, 6 Therefore, scaling of the initial velocity conditions was allowed to test sample cases ranging from no dispersion velocity to twice the simulated initial conditions for a subsurface explosion deflection mission. A result of this scaling of kinetic energy is shown in Figure 10 . Clearly, the effects appear to be exponential with respect to initial kinetic energy, so progressively larger explosions are needed for lower desired impacting mass. Similarly, burst-to-impact time has been suggested as a critical factor in determining a deflection strategy. It can also be seen in Figure 10 that, while not much can be done for extremely short notice, disruption with a lead time of 15 to 30 days can substantially reduce the total impacting mass for this Apophis-like orbit.
V.C. Reentry Modeling Results
Applying a simple drag and ablation reentry modeling to the impacting fragments of previous radial deflection results, we find that over 85% of the mass on impacting trajectories is ablated from the fragments during the reentry process, and that only 10.7% of the mass listed in Table 8 reaches the surface. The results of these simulations can be seen in Table 11 . A sample atmospheric stress distribution profile can be seen in Figure 11 . The material yield stress is clearly exceeded at an altitude of 8.5 km, at which point the fragment is presumed to be catastrophically disrupted. Reentering fragments hit the atmosphere at relative speeds between 8 km/s and 15 km/s, depending on velocity orientation. A sample velocity profile in Figure 11 shows that velocity is reduced by drag and ablation to less than half its equivalent ballistic entry velocity. A corresponding reduction in fragment mass results in substantially reduced impact energy.
VI. Conclusion
The model presented in this paper has been adapted into simulation software currently under development at the ADRC. Current work involves redesign of algorithms and testing for new architectures to allow further investigation of large-scale fragmentation problems, mutual gravitational terms, and collisions among fragments. Preliminary results for orbital targeting preprocessors indicate improved convergence and stability for identifying sets of osculating orbital elements that result in impacting trajectories. These results also indicate an independence of integrator design that is desirable for this preprocessor. Fictive impacting orbits were found for both the post-2029 Apophis orbit case and the AIAA asteroid deflection problem. Time step sensitivity analysis confirms that past restrictions on accuracy resulted in undesirable time steps for integration. Current integration models closely mimic the output of commercially available packages such as ode45 in the Matlab environment, and have been compared at a source code level to ensure stability for the problems tackled so far. The optimality of the radial dispersion case, often discussed for short lead time scenarios, has been confirmed under the new precision integrator. Further work has been done to predict impact location sites on the Earth in a modular fashion to assist transition to a high-fidelity model, and the existence of solutions to these algorithms has been confirmed. Simple reentry modeling has been accomplished, with nominal values for reduced impacting mass meeting expectations.
The present simulation program takes input conditions from a nuclear subsurface explosion and predicts trajectories of impacting fragments, impact locations on the Earth's surface, and the possible ablation and deceleration of fragments by the atmosphere. Components of the simulation and modeling package are designed to allow for future upgrades and higher-fidelity modeling. Chief among planned model updates include effects of oblateness, an improved atmosphere and reentry model, and mean perturbation analysis. Uncertainty characterization for sample cases is currently underway.
